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We investigate the properties of the pion quasiparticle in the low-temperature phase of
two-flavor QCD on the lattice with support from chiral effective theory. We find that the pion
quasiparticle mass is significantly reduced compared to its value in the vacuum, by contrast
with the static screening mass, which increases with temperature. By a simple argument,
near the chiral limit the two masses are expected to determine the quasiparticle dispersion
relation. Analyzing two-point functions of the axial charge density at non-vanishing spatial
momentum, we find that the predicted dispersion relation and the residue of the pion pole
are simultaneously consistent with the lattice data at low momentum. The test, based on
fits to the correlation functions, is confirmed by a second analysis using the Backus-Gilbert
method.
I. INTRODUCTION
Identifying the spectrum of excitations of strongly interacting matter at finite temperature is
of central importance to understanding the nature of the medium. These excitations are encoded
as poles in thermal correlation functions. For some quantum numbers, the existence of weakly
interacting probes coupling to local operators make it possible to measure the properties of these
excitations experimentally, at least in principle. The prime example of such a probe is the photon.
In practice, a medium is created in heavy-ion collisions which appears to reach thermal equilibrium
locally, the temperature decreasing with time. Therefore a weighted average of thermal photon or
dilepton spectra over the spacetime history of the ‘fireball’ is obtained (see e.g. [1, 2] and Refs.
therein).
In the low-temperature phase, it is natural to ask how close the properties of the excitations
are to those of the known hadrons at zero temperature. Viewed globally, the spectrum does not
appear to change much until temperatures close to the transition temperature are reached, where
the rapid crossover to a deconfined and chirally symmetric phase takes place. This conclusion is
based on the success of the hadron resonance gas model in describing equilibrium properties of the
medium (particularly the equation of state and quark number susceptibilities) computed in lattice
QCD [3–5], and on its success in describing particle yields in heavy-ion collisions [6, 7]. However,
reliable information about individual excitations is sparse.
Here we extend our study [8] of the pion at finite temperature in two-flavor lattice QCD with
support from a thermal chiral effective theory [9–11]. In [8] we performed a temperature-scan on
16× 323 ensembles; here we focus on one temperature (T = 170 MeV) on a fine lattice (24× 643)
with high statistics, for which we also have a reference zero-temperature ensemble at the same bare
parameters. Our study shows that the zero-temperature pion mass ‘splits’ at finite temperature
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2into a lower pion quasiparticle mass and a higher pion screening mass,
T = 0 : pion mass = 267(2) MeV
↙ ↘
T = 169MeV : quasiparticle mass = 223(4)MeV screening mass = 303(4)MeV.
While the quasiparticle mass is the real-part of a pole of the retarded correlator GR(ω, |p| = 0)
of the pseudoscalar density in the frequency variable, the (static) screening mass is a pole of
GR(ω = 0,p) in the spatial momentum |p| and represents an inverse spatial correlation length.
The pion quasiparticle mass can be extracted model-independently near the chiral limit due to
the dominance of its contribution to the two-point function of the axial charge density and of the
pseudoscalar density. By contrast with the mass, we find that the decay constant associated with
the pion quasiparticle practically retains its zero-temperature value.
By a simple argument, the dispersion relation of the pion at low momenta is given by a single
parameter u (see Eq. (11) below), which in the chiral limit corresponds to the group velocity of
the excitation. As in [8], we determine this parameter as the ratio of the quasiparticle mass to the
screening mass, u ≈ 0.74. As a new aspect, we then test whether the so-determined parameter
u correctly predicts the momentum-dependence of the pion energy by looking at the two-point
function of the axial charge density at non-vanishing spatial momentum. An important observation
is that the chiral Ward identities also predict the residue of the pion pole in the axial-current two-
point functions. Due to the difficulty of extracting real-time information from Euclidean correlation
functions, testing simultaneously the predictions for the pole and the residue proves to be essential
to improve the discriminative power of the analysis. Since the chiral predictions are only expected
to be valid at sufficiently small momenta, we also provide an estimate of the range of validity of
the effective theory.
Our analysis method of lattice correlation functions is based on fits, where the ansatz is mo-
tivated by the chiral effective theory at small frequencies and on perturbation theory at high fre-
quency. We also present an alternative analysis, which starts by generating model-independently
a locally averaged spectral function by following the Backus-Gilbert inversion method [12–17]. In
a second step, a pion pole contribution with the predicted dispersion relation is assumed, allowing
us to obtain an estimate for the residue. The advantage of this alternative analysis is that we
do not have to formulate an explicit ansatz for the spectral density of the non-pion contributions.
This point is particularly relevant since at finite spatial momentum, axial-vector excitations do
contribute to the two-point function of the axial charge density.
The paper is organized as follows. Section II contains an overview of the theory expectations
concerning the two-point functions of the axial current at finite temperature. Sections III and IV
present the lattice QCD calculation, and our conclusions are given in section V. In appendix A,
the tensor structure of the axial-current two-point functions at finite temperature is given; in
appendix B, we derive the contribution of the pion to the four independent tensor structures,
thus determining all the relevant residues. Finally, appendix C contains a table with the lattice
correlator data.
II. THEORY BACKGROUND
We work in the Euclidean path integral formalism, and our notation and conventions follow
those used in [8]. The vector and axial-vector vectors and the pseudoscalar density are given by
V aµ (x) = ψ¯(x)γµ
τa
2
ψ(x), Aaµ(x) = ψ¯(x)γµγ5
τa
2
ψ(x), P a(x) = ψ¯(x)γ5
τa
2
ψ(x), (1)
3where ψ is the isospin-doublet quark field. In appendix A, we provide a decomposition in momen-
tum space of the Lorentz structure of the two-point functions of the axial current. For a general
momentum p, they are entirely described by four ‘form factors’, which in the rest frame of the
thermal medium are functions of p0 and p
2. At zero-temperature, the four functions reduce to
two functions of p2, one longitudinal and one transverse. The partially-conserved axial current
(PCAC) relation relates the two-point function 〈P a(x)P b(0)〉 of the pseudoscalar density, as well
as the 〈Aaµ(x)P b(0)〉 correlation functions to the aforementioned form factors.
In this work, we investigate the following static screening correlators,
δabGsA(x3, T ) =
∫
dx0 d
2x⊥
〈
Aa3(x)A
b
3(0)
〉
, (2)
δabGsP (x3, T ) =
∫
dx0 d
2x⊥
〈
P a(x)P b(0)
〉
, (3)
where x⊥ = (x1, x2). Time-dependent correlators with a general spatial momentum p will also
play a crucial role,
δabGA(x0, T,p) =
∫
d3x eip·x
〈
Aa0(x)A
b
0(0)
〉
, (4)
δabGP (x0, T,p) =
∫
d3x eip·x
〈
P a(x)P b(0)
〉
. (5)
They are related by Fourier transformations to the form factors defined in appendix A, for instance
GsA(x3, T ) =
∫
dp3
2pi
e−ip3x3 ΠL,l(0, p23). (6)
The correlators GA(x0, T,0) and G
s
A(x3, T ) are only sensitive to the longitudinal form factor
ΠL,l; these were the cases considered in [8]. At non-vanishing momentum however, the correlator
GA(x0, T,p) is sensitive to three independent form factors Π
T,l, ΠM and ΠL,l.
At long distances, the screening correlator GsA(x3, T ) is given by
GsA(x3, T )
|x3|→∞
=
1
2
f2pimpi e
−mpi |x3|, (7)
which defines the screening pion mass mpi and the associated decay constant
1 fpi. The Gell-Mann–
Oakes–Renner relation
f2pim
2
pi = −m〈ψ¯ψ〉 (8)
holds to leading order in the chiral expansion. From Eqs. (6) and (7), the low-momentum analytic
structure of the longitudinal form factor ΠL,l reads
ΠL,l(0,p2) =
f2pim
2
pi
p2 +m2pi
, p→ 0. (9)
More generally, expanding the denominator in the frequency,
p2 +m2pi −→ p2 +m2pi +
1
u2
ω2n + . . . , (10)
1 The normalization convention is such that at zero temperature fpi ≈ 92MeV.
40 |p|2
[Re(ω)]2
−m2pi
ω20
FIG. 1. Trajectory in (ω,p)-plane of the pion pole in the pseudoscalar retarded correlator. At negative p2
the pole corresponds to the pion screening mass, at positive p2 it corresponds to the pion quasiparticle. The
slope is the value of u2(T ).
it follows that a quasiparticle (pole in the retarded correlator as a function of frequency) with the
dispersion relation [10, 11]
ωp = u(T )
√
m2pi + p
2 (11)
exists at low momenta2. The remarkable aspect is that the parameter u determines both the (real
part of the) dispersion relation of the quasiparticle and the ratio of the quasiparticle mass to the
screening mass. A graphical interpretation of the dual role of the parameter u is given in Fig. 1.
Here the trajectory in the frequency-momentum plane of a pole in the retarded correlator of the
pseudoscalar density3 corresponds to a static screening state at p2 = −m2pi, and to a real-time
quasiparticle at small positive p2. In [8], the parameter u was determined using lattice correlation
functions at vanishing spatial momentum via the two estimators
um =
[
−4m
2
q
m2pi
GP (x0, T, 0)
GA(x0, T, 0)
∣∣∣∣
x0=β/2
]1/2
(12)
uf =
f2pimpi
2GA(β/2, T, 0) sinh(ufmpiβ/2)
. (13)
In doing so, the parametric dominance of the pion in the time-dependent Euclidean correlator at
small quark masses is exploited. Good agreement was found between uf and um at T ' 150 MeV
for a zero-temperature pion mass of 305 MeV. Any departure of u from unity clearly represents
a breaking of Lorentz invariance due to thermal effects. In this work, one of our goals is to test
whether the parameter u determined from the ratio of the quasiparticle to the screening mass, as
in [18], really does predict the dispersion relation of the quasiparticle, as in Eq. (11). In order to
carry out this goal, we perform an analysis of the time-dependent Euclidean correlator GA(x0, T,p)
in terms of the spectral function ρA. They are related as follows,
GA(x0, T,p) =
∫ ∞
0
dω ρA(ω,p)
cosh(ω(β/2− x0))
sinh(ωβ/2)
. (14)
2 In this argument, the imaginary part of the frequency-pole is neglected. A more sophisticated argument is required
to show that the damping rate of the pion quasiparticle is indeed parametrically subleading [11].
3 Recall that the momentum-space Euclidean correlator GE(ωn,p) is related to the retarded correlator via
GR(iωn,p) = GE(ωn,p) for ωn ≥ 0 [18].
5First we recall that at zero temperature, the Lorentz structure of the axial-current two-point
function implies the following momentum dependence of the pion pole contribution,
GA(x0, T = 0,p)
|x0|→∞∼ Res(ω0p)
e−ω
0
p|x0|
2ω0p
(15)
where the residue is here given by
Res(ω0p) = (f
0
pi ω
0
p)
2, ω0p = (p
2 + (ω00)
2)1/2. (16)
In terms of the spectral functions, this correlator corresponds to
ρA(ω, T = 0,p) = Res(ω0p) δ(ω
2 − (ω0p)2) + . . . (17)
At the other end of the spectrum, in the high frequency region, a leading-order perturbative
calculation (see for instance [19]) yields
ρA(ω, T,p) = θ(ω2 − 4m2 − p2) Nc
24pi2
(p2 + 6m2), ω →∞. (18)
We note that at non-zero momentum, the correlator GA(x0, T = 0,p) receives contributions from
axial vector mesons via the transverse form factor (see appendix A),
GA(x0, T = 0,p) =
∫
dp0
2pi
e−ip0x0
[ p2
p20 + p
2
ΠT(p20 + p
2) +
p0
2
p20 + p
2
ΠL(p20 + p
2)
]
. (19)
The spectral functions associated with the form factors ΠT and ΠL are measured experimentally
in τ decays [20]. Since ΠT describes by itself the two-point function of spatial components of the
axial current at vanishing spatial momentum, it cannot contain the pion pole. The latter is entirely
contained in the form factor ΠL.
At finite temperature, the pion pole appears in all three form factors contributing toGA(x0, T,p).
Altogether, the pion contribution to the spectral function ρA is predicted to have the form
ρA(ω, T,p) = Res(ωp)δ(ω
2 − ω2p), with the dispersion relation given by Eq. (11) and the residue
by (see appendix B)
Res(ωp) = f
2
pi(m
2
pi + p
2). (20)
For later use we also define the pion quasiparticle decay constant f tpi via
Res(ω0) = (f
t
pi ω0)
2. (21)
The contribution to the Euclidean correlator then reads
GA(x0, T,p) =
Res(ωp)
2ωp
cosh(ωp(β/2− x0))
sinh(ωpβ/2)
+ . . . . (22)
Whether the residue determined through fits to lattice correlation functions agrees with Eq. (20)
provides a cross-check that the low-energy effective description is working.
6III. LATTICE SETUP
In this section we describe the analysis performed on a finite temperature ensemble of size
24 × 643 with two degenerate dynamical light flavors. The short direction is interpreted as time
and therefore the temperature is T = 1/24a = 169(3)MeV while the spatial extent amounts to
L = 64a = 3.1 fm. The fields admit thermal boundary conditions in time and periodic boundary
conditions in space. We use the Wilson plaquette action [21] and the O(a) improved Wilson
fermion action with a non-perturbatively determined csw coefficient [22]. The configurations were
generated using the MP-HMC algorithm [23] following the implementation described in [24] based
on Lu¨sher’s DD-HMC package [25]. In addition, we use a 128 × 643, effectively zero temperature
ensemble that was made available to us through the CLS effort (labelled as O7 in [26]) with all
bare parameters identical to our finite temperature ensemble. The pion mass takes a value of
mpi = 270MeV [26] such that mpiL = 4.2. This additional zero temperature test ensemble allows
us to compare thermal observables in a straightforward manner with their corresponding “effective
zero-temperature” value calculated in the O7 ensemble.
A. PCAC mass
In order to check that our thermal ensemble indeed yields the same physical quark mass as its
corresponding zero-temperature counterpart (O7), we use the definition of the quark mass based
on the PCAC (partially conserved axial current) relation [27, 28]
mPCAC(x3) =
1
2
∫
dx0d
2x⊥
〈
∂imp3 A
imp
3 (x)P (0)
〉
∫
dx0d2x⊥ 〈P (x)P (0)〉 x⊥ = (x1, x2) (23)
where in the improvement process
Aaµ → Aimp,aµ = Aaµ + acA∂impµ P a. (24)
The derivative ∂impµ is the improved lattice discretized version of the derivative following [29]. The
non-perturbatively calculated coefficient cA was taken from [30]. Note that since relation (23) stems
from an operator identity, we are free to choose the direction of measurement. On the thermal
ensemble, the spatial directions are longer; therefore, by measuring along these directions we obtain
a longer plateau and thus more accurate determinations of the PCAC mass. The extraction can be
carried out by performing a fit to a constant in the range where a plateau is observed. Its central
value and error, given in Table I, are in very good agreement with the ones quoted in [31].
B. Pseudoscalar and axial-vector correlators
Our goal is to calculate the temperature-dependent coefficient u(T ) that parametrizes the pion
dispersion relation (11). In [8], we defined two estimators uf and um that yielded consistent
results up to T ' 170MeV for the case of two degenerate light flavors with mMS(µ = 2GeV) ∼ 15
MeV; at that quark mass, the crossover region is located around TC ' 211 MeV [32]. In the
thermal ensemble we are analyzing here, we have mMS(µ = 2GeV) = 12.8(1)MeV (see Table I),
and therefore expect a slightly lower value of the transition temperature. Nevertheless, this should
not affect the applicability of the chiral expansion around (T,m = 0) with T < TC , as discussed in
[8].
7mMS(x3)/T
mMS(x0)/T
xµ/a
30252015105
0.1
0.095
0.09
0.085
0.08
0.075
0.07
0.065
0.06
FIG. 2. The PCAC masses. The renormalization factors ZA and ZP are included, as well as the conversion
factor from the SF to MS at a scale of µ = 2GeV, which amounts to 0.968(20) [26]. We also plot the result
along the x0-direction to show that indeed both are compatible. This can be interpreted as a check that
cutoff effects are indeed small for this value of the lattice spacing.
6/g20 5.50
κ 0.13671
csw 1.751496
TNτ=24 [MeV] 169(3)
TNτ=128 [MeV] 32(1)
a [fm] [26] 0.0486(4)(5)
ZA [26] 0.793(4)
ZP [26] 0.5184(53)
mMS/T (µ = 2GeV) 0.0757(7)
TABLE I. Summary of the main parameters for the 24× 643 finite temperature ensemble as well as for the
128× 643 zero temperature ensemble labelled as O7 in [26]. The quark mass is computed at and normalized
with the T = 1/24a temperature. The statistics collected for two-point functions is respectively 360 and
149 configurations at Nτ = 24 and Nτ = 128, with respectively 64 and 16 point sources per configuration,
exploiting the translational invariance of the system.
We use the correlators defined in Eqs. (2–5) with the spatial momenta given by
p = pn ≡ (0, 0, 2pin/L). (25)
The improvement of the axial current was already introduced in Eq. (24). Note that since all
two-point functions belong to the adjoint (or isovector) representation of SU(Nf ) (Nf = 2), the
contributions of quark disconnected diagrams cancel out. The renormalization program is carried
8ω01/T
ω00/T
x0/a
605040302010
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1
FIG. 3. Effective ‘cosh’ masses for the O7 zero-temperature ensemble in the 〈A0A0〉 channel for n = 0, 1.
The values of ω0n ≡ ω0pn are given in units of the temperature T = 1/24a corresponding to our thermal
ensemble.
out such that
GA(x0, T,p) = (ZA(g
2
0))
2GA(x0, g
2
0, T,p) (26)
GP (x0, T,p) = (ZP (g
2
0))
2GP (x0, g
2
0, T,p) (27)
and similarly for the screening correlators; the value of the coefficients ZA and ZP can be found in
Table I.
IV. ANALYSIS OF LATTICE TWO-POINT FUNCTIONS
After the preliminary work presented in the previous section, we turn to the analysis of corre-
lation functions in order to extract the pion properties.
A. The zero-temperature case
As a benchmark we analyze zero-temperature data on the O7 ensemble. Here we are able to
obtain the pion energy ω0p by fitting a constant to the effective mass. The pion energy corresponding
to p = 0 and p = (0, 0, 2pi/L) can be read off from the plot in Fig. 3. The dominance of the pion
contribution, particularly in the zero-momentum case, is clearly very strong. Performing a linear fit
to (ω0p)
2 as a function of p2, we obtain for the slope u2(T ' 0) = 1.01(6), consistently with Lorentz
invariance. The decay constant f0pi , defined by Eq. (16), indeed turns out to be independent of the
momentum.
Once the ground state dominates the correlator GA(x0, T ' 0,p), one-state cosh fits of the form
A1 cosh(ω
0
p(T/2− x0)) with T = 128a are applied and the results are summarized in Table II. The
values for ω00 and f
0
pi are in very good agreement with the ones quoted in [31].
9n A1/T
3 ω0pn/T χ
2/d.o.f f0pi/T Res(ωp)
0 8.4(3)× 10−3 1.579(12) 0.05 0.599(8) 0.89(3)
1 5.3(4)× 10−4 2.88(3) 0.4 0.629(12) 3.27(15)
TABLE II. Properties of the pion at zero temperature. The index n denotes the momentum pn induced
and ω0pn corresponds to the energy of the state (in particular, ω
0
0 is the pion mass). All errors are purely
statistical, and all renormalization factors are included. The fit interval begins at x0/a = 6 for the zero-
momentum case and at x0/a = 15 for one unit of momentum in view of the effective mass plot of Fig. 3.
Dimensionful quantities are normalized with T = 1/24a.
B. The screening quantities fpi and mpi at finite temperature
A detailed description of how the extraction is carried out can be found in [8]. Here, we highlight
the basic relations that lead to the extraction of the screening quantities fpi and mpi and therefore
to the values of the estimators uf and um.
• The screening mass mpi is calculated by fitting the correlation function GsP (x3, T ) with a
two-state ansatz of the form
∑2
i=1Ai cosh[mi(L/2 − x3)]) with masses mi and amplitudes
Ai. The value obtained for the ground-state mass is compatible with the value obtained from
the ‘cosh’ mass which is defined as the positive root of the following equation (see Fig. 4),
GsP (x3, T )
GsP (x3 + a, T )
=
cosh[mcosh(x3 + a/2)(x3 − L/2)]
cosh[mcosh(x3 + a/2)(x3 + a− L/2)] . (28)
• We determine the screening pion decay constant from the correlator GsA(x3, T ) via Eq. (7)
by applying again a two-state ‘cosh’ ansatz. The screening pion mass mpi also appears in
GsA. We use this fact as a consistency check, but due to the better signal to noise ratio of
the pseudoscalar channel, we quote the value extracted from GsP as our final result for mpi.
C. Thermal time-dependent correlators at zero momentum
The estimators uf and um for the pion velocity u are defined in Eqs. (12-13). Apart from the
PCAC mass, fpi and mpi, they involve the time-dependent correlators GA(x0, T,0) and GP (x0, T,0).
The difference between uf and um can be explained as follows. The estimator um is based on the
dominance of the pion contribution in the correlators GA and GP at x0 = β/2; the estimator uf is
based on assuming that the residue is given by the screening quantities (as predicted by the chiral
effective theory), Res(ω0) = f
2
pim
2
pi, and the dominance of the pion contribution in GA only. The
dominance in GA is less strong an assumption than the assumption that the pion dominates GP ,
since their spectral functions are related by ρP (ω) = − ω24m2 ρA(ω) at zero spatial momentum. We
summarize results for uf and um in Table III.
The chiral expansion around (T,m = 0) proposed in [11] assumes that one is sufficiently close to
the chiral limit. In this limit, the screening pion mass mpi vanishes and the coefficient u(T ) is indeed
the velocity of a massless pion quasiparticle in the presence of a thermal bath. A deviation from
unity corresponds to a violation of boost invariance. At finite but small quark mass, we showed
in [8] that the consistency of uf and um serves as an indicator for the applicability of the chiral
expansion. Based on the results of Table III, we conclude that they are indeed consistent. The
results, in particular for uf , are in good agreement with the results obtained in [8] on ensembles
10
mcosh(x3 + a/2)/T
x3/a
3025201510
2.2
2.1
2
1.9
1.8
1.7
1.6
FIG. 4. Effective ‘cosh’ mass plot for the screening mass mpi. The plateau has been chosen to begin at
x3/a = 19.
mpi/T 1.79(2)
fpi/T 0.46(1)
uf 0.76(1)
um 0.74(1)
uf/um 1.02(1)
ω0/T 1.32(2)
f tpi/T 0.62(1)
Res(ω0)/T
4 0.68(2)
TABLE III. Summary of the results for the Nτ = 24 thermal ensemble. All renormalization factors are
included and the errors are purely statistical. The value of ω0 is calculated using ω0 = ummpi. In the same
way f tpi = fpi/um. The value of the residue is obtained according to Eq. (20), Res(ω0) = f
2
pim
2
pi.
with a coarser lattice spacing and a slightly heavier quark mass. Note that to leading order, u is
expected to be independent of the quark mass.
The ‘reconstructed’ correlator GrecA is defined as the thermal Euclidean correlator that would
be realized if the spectral function remained the zero-temperature one. We compute it following
the method first proposed in [33]. Figure 5 shows the difference between the thermal correlator
and the reconstructed correlator. There is a statistically significant difference between the two
correlators, which shows that a change must take place in the spectral function. Because the
difference is very weakly dependent on time, the change must take place in the low-frequency part
of the spectral function. We expect from the thermal chiral effective theory that the change is due
to a modification of the mass and/or the residue of the pion quasiparticle. Using the numbers of
Table III, the changes amount respectively to
ω0
ω00
= 0.836(14),
f tpi
f0pi
= 1.03(2). (29)
11
∆GA(2pi/L, x0)
∆GA(0, x0)
x0/a
121110987654
0.07
0.06
0.05
0.04
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0
FIG. 5. The difference ∆GA(|p|, x0) ≡ [GA(x0, T,p)−GrecA (x0, T,p)]/T 3 of the thermal correlator and the
reconstructed correlator for |p| = 0 and 2pi/L.
We thus observe that while the pion decay constant remains unchanged at the precision level of a
few percent, the pion mass decreases by 16%. Qualitatively, these results are consistent with the
two-loop results in zero-temperature chiral perturbation theory given in [34, 35]. Future lattice
calculations approaching the chiral limit would allow for a quantitative comparison.
D. The spectral function ρA(ω, p) at non-zero momentum
As the next step, we test the functional form of Eq. (11) at non-zero momentum. The relevant
real-time pion states with energy ωp have a non-zero overlap with the operator
∫
d3x eipxA0(x);
furthermore, the spectral function ρA becomes independent of ω in the ultraviolet, rather than
growing like ω2. We therefore expect to have the best sensitivity to the pion contribution in the
correlator GA(x0, T,p).
At finite temperature, the analysis of the correlator GA(x0, T,p) is more involved than at zero
temperature: only at sufficiently small quark masses and momenta, and not too small x0 is the
correlator parametrically dominated by the pion pole. Therefore we proceed by formulating a fit
ansatz to take into account the non-pion contributions. The combination of Eqs. (17) and (18)
motivates an ansatz for the spectral function reading
ρA(ω,p) = A1(p) sinh(ωβ/2)δ(ω − ωp) +A2(p) Nc
24pi2
(
1− e−ωβ
)
θ(ω − c). (30)
The corresponding form of the correlation function then reads
GA(x0, T,p) = A1(p) cosh(ωp(β/2− x0)) +A2(p) Nc
24pi2
(
e−cx0
x0
+
e−c(β−x0)
β − x0
)
. (31)
We fit GA(x0, T,p) with the ansatz given in Eq. (31) for the momenta pn = (0, 0, 2pin/L) with
n = 1, 2, 3, 4, 5. The fit interval is chosen to be x0/a ∈ [5, 12] in order to avoid cutoff effects. There
12
are four parameters involved, A1(p), ωp, A2(p) and c. Leaving ωp as a fit parameter led to poorly
constrained fits. Therefore we set the value of ωp to the prediction of Eq. (11) in order to test
whether the data can be described in this way. Motivated by the expected large-ω behavior of
the spectral function, we quote the rescaled parameter A˜2 = A2/p
2. Note that the quark mass is
negligible compared to all the non-vanishing |p| values considered here. The expected value of A˜2
is of order unity, in view of Eq. (18). Eq. (22) allows us to establish the relation between the fit
parameter A1(p) and the residue itself,
Res(ωp) = 2A1(p)ωp sinh(ωpβ/2). (32)
One may further convert the result for the residue into a parameter b(p), defined by
Res(ωp) = f
2
pi(m
2
pi + p
2)(1 + b(p)). (33)
From the chiral prediction Eq. (20), we thus expect b(p) to be small compared to unity if the
effective description is working. The results are summarized in Table IV.
n A1/T
3 ωpn/T A˜2 c/T Res(ωpn)/T
4 b χ2/d.o.f
1 2.95(4)× 10−1 2.19(3) 1.78(8) 6.7(3) 1.72(6) −0.08(3) 0.06
2 1.40(5)× 10−1 3.73(6) 1.26(2) 6.1(1) 3.3(2) −0.39(4) 0.15
3 4.9(3)× 10−2 5.40(9) 1.19(1) 7.7(1) 3.9(5) −0.65(4) 0.35
4 1.7(2)× 10−2 7.1(1) 1.15(1) 9.67(9) 4.21(7) −0.78(3) 0.49
5 4(1)× 10−3 8.8(1) 1.12(1) 11.7(1) 3(1) −0.89(3) 1.04
TABLE IV. Results of fits to the axial-charge density correlator at non-vanishing momentum pn. All errors
quoted are statistical, and all renormalization factors are included. The quantity ωp/T is not a fit parameter;
rather it is set to the value predicted by Eq. (11) with u(T ) = um = 0.74(1).
The fits provide a good description of the data; see the χ2/d.o.f values and Fig. 6. We observe
that at the smallest momentum, |p| ' 400 MeV, b(p) really is small, pointing to a successful check
of the chiral prediction. At higher momenta, the negative, order unity value of b(p) indicates that
the residue of the pion pole is reduced. It should also be remembered that at higher momenta,
neglecting the width of the quasiparticle is bound to be an increasingly poor approximation. The
coefficient A˜2 is expected to be of order unity from the treelevel prediction Eq. (18). Indeed the
numbers in Table IV are of order unity. One reason for the relatively large value of the coefficient
at the smallest momentum could be that axial-vector excitations are contributing around the
threshold c, thus adding spectral weight. The value of the threshold at |p| ' 400 MeV, is about
1.1GeV, a value we consider to be reasonable given that the mass of the lightest axial-vector meson
in nature is ma1 ≈ 1.2GeV.
In order to gauge the discriminative power of the test, it is interesting to ask whether a rather
different model is consistent with the lattice data on GA(x0,p, T ). We assume for this purpose
that the dispersion relation and the residue have the same p-dependence as at zero temperature.
We therefore set ωp =
√
ω20 + p
2, and obtain for n = 1 an equally good description of the data,
with a value of the residue Res(ωp) = 3.01(4) not too different from (f
t
pi)
2(ω20+p
2) = 2.84(7). The
other fit parameters take the values A˜2 = 2.42(17) and c/T = 10.2(4). While the perturbative
coefficient and the threshold values seem less plausible to us, we cannot completely exclude this
model on the basis of the lattice data.
To summarize, we have found that the dispersion relation of the pion quasiparticle is consistent
with Eq. (11), the parameter u being determined at vanishing spatial momentum. In order to test
the dependence of our results on the fit ansatz made, in the next section we apply the Backus-
Gilbert method.
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FIG. 6. Correlation functions GA(x0, T,pn)/T
3 with pn = (0, 0, 2pin/L), together with the fits resulting
from the four-parameter Ansatz of Eq. (31). The corresponding parameter values are given in Table IV. All
renormalization constants are included.
E. The Backus-Gilbert method for ρA(ω,p)
The Backus-Gilbert method is a method suitable for inverting integral equations like Eq. (14). It
has been studied in many contexts (see e.g. [12–17]). While it has not been applied in lattice QCD,
to our knowledge, the central notion of resolution function was used in [36]. We first describe the
method in some generality. It is a completely model-independent approach since no ansatz needs
to be made for the spectral function.
The goal is to solve the integral equation
G(xi) =
∫ ∞
0
dωf(ω)K(xi, ω) xi 6= 0 ∀i (34)
for the unknown function f(ω), given the kernel K(xi, ω) and given data on G(xi). The idea is to
define an estimator fˆ(ω¯)
fˆ(ω¯) =
∫ ∞
0
δˆ(ω¯, ω)f(ω)dω (35)
where δˆ(ω¯, ω) is called the resolution function or averaging kernel. It is a smooth function concen-
trated around some reference value ω¯, normalized according to
∫∞
0 dωδˆ(ω¯, ω) = 1, and parametrized
at fixed ω¯ by coefficients qi(ω¯),
δˆ(ω¯, ω) =
∑
i
qi(ω¯)Ki(ω), (36)
so that fˆ is obtained according to
fˆ(ω¯) =
n∑
i=1
G(xi)qi(ω¯). (37)
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The goal is then to minimize the width of the resolution function. Minimizing the second moment
of δˆ(ω¯, ω) in its second argument around its first argument yields
qi(ω¯) =
∑
jW
−1
ij (ω¯)R(xj)∑
k,lR(tk)W
−1
kl (ω¯)R(xl)
, (38)
where
Wij(ω¯) =
∫ ∞
0
dωK(xi, ω)(ω − ω¯)2K(xj , ω), (39)
R(xi) =
∫ ∞
0
K(xi, ω)dω. (40)
We remark that fˆ(ω) equals f(ω) if the latter is constant.
The matrix Wij(ω¯) is very close to being singular. This is the reason why, when trying to use
a data set with error bars, one needs to regulate and change the matrix W to
Wij → λWij + (1− λ)Sij , 0 < λ < 1 (41)
where Sij is the covariance matrix of the data. The value of λ controls the trade-off between
resolution and stability. For values of λ close to 1, we obtain the best possible resolution. However
the results tend to be unstable since the matrix is poorly conditioned and large cancellations take
place among the terms in Eq. (37). Reducing λ improves the stability of the result at the cost of
deteriorating the frequency resolution.
λ = 0.002, ω¯/T = 5
λ = 0.01, ω¯/T = 5
λ = 0.5, ω¯/T = 5
λ = 1, ω¯/T = 4
ω/T
T
δˆ(
ω¯
,ω
)
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0
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FIG. 7. Left: Some examples of resolution functions for different values of λ centered at ω¯/T . Right:
Estimators ρˆ(ω,pn)/T
2 for n = 0, 1, 2, 3 together with its error shown as a band. The vertical colored
dashed lines correspond to the locations of the expected positions of the poles ωpn according to Eq. (11)
with u(T ) = um. The black horizontal lines correspond to the treelevel asymptotic values of ρ
A(ω,p). All
renormalization constants have been taken into account as well as the improvement program on the axial
correlators. Dimensionful quantities have been made dimensionless by the appropriate power of T = 1/24a.
We apply this method to Eq. (14). In order to regularize the finite-temperature kernel at ω = 0
we rewrite the equation as
GA(x0, T,p) =
∫ ∞
0
dω
(
ρA(ω,p)
tanh(ω/2)
)(
cosh(ω(β/2− x0))
cosh(ωβ/2)
)
︸ ︷︷ ︸
.
=K(x0,ω)
. (42)
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This defines our estimator ρˆ at ω = ω¯,
ρˆ(ω¯,p) =
∫ ∞
0
dω δˆ(ω¯, ω)
(
ρA(ω,p)
tanh(ωβ/2)
)
. (43)
After regulating the problem via the covariance matrix Sij as in Eq. (41), the inversion is carried out
via Singular Value Decomposition. This offers the opportunity to diagnose how badly conditioned
the matrix is. With all quantities made dimensionless by applying appropriate powers of the
temperature, we choose λ = 2 ·10−3 in the following. Typical condition numbers of the regularized
matrix in Eq. (41) are ∼ 108. The situation gets worse when λ approaches unity, as explained
above. The results for zero momentum and the first three units of momentum are shown in the
right panel of Fig. 7. As in the case of the fit, we included the points of the correlation in the
interval x0/a = [5, 12] so Wij(ω¯) is a n × n symmetric matrix with n = 8. The value of λ was
chosen equal to 0.002. This yields a relative error on ρˆ of ∼ 3−5%, while the resolution function is
displayed in the left panel of Fig. 7. One direct observation is the fact that the expected asymptotic
behavior for large values of ω is reproduced very well.
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FIG. 8. The effective residue Res(ωp, ω)BG as defined in Eq. (44). Left: No momentum induced, p = 0.
Right: One unit of momentum induced, p1 = (0, 0, 2pi/L). The grey band is the expectation in terms of
screening quantities, Eq. (20). All renormalization factors are included. The errors arise from the statistical
uncertainty. The values of ωp are indicated by dashed vertical lines.
The right panel of Fig. 7 also shows the expected positions of the poles that follow from Eq. (11)
as vertical colored dashed lines. We now want to test the p dependence of the residue Res(ωp) via
the following argument. If we assume that, for a given value of ω, ρˆ(ω,p) is dominated by the pion
pole, we obtain the following estimator for the residue,
Res(ωp, ω)BG =
2ωp tanh(ωpβ/2)ρˆ(ω,p)
δˆ(ω, ωp)
. (44)
Here we treat ωp as input and calculate it using Eq. (11) with the value of u = um = 0.74(1)
determined at zero momentum. The result as a function of ω is shown in Fig. 8 for zero and one
unit of momentum. The natural choice where Res(ωp, ω)BG is expected to be the best estimator
of the residue is at ω ≈ ωp. Looking at Fig. 8, one sees that approximately around this value the
curve intercepts the grey band, which represents the prediction Eq. (20). The latter is particularly
well verified at zero momentum, while the agreement at |p| = |p1| ≈ 400MeV is at the ten percent
level. These observations provide a further test that the pion dispersion relation Eq. (11) predicted
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by the thermal chiral effective theory is consistent with the lattice two-point function of the axial
charge density.
Comparing the method followed in this subsection with the previous method based on a global fit
to the spectral function, the former has the advantage of not requiring an explicit parametrization
of the non-pion contributions to the spectral function. This observation may be useful in other
lattice studies of spectral functions.
V. CONCLUSION
We have found that the pion quasiparticle mass is reduced significantly by thermal effects
compared to its vacuum value – unlike the pion screening mass, which increases. Also, the energy
cost of giving the pion quasiparticle a momentum is significantly reduced, since the ‘velocity’ is
well below unity, u ≈ 0.74. We have tested that the pion indeed admits a modified dispersion
relation, Eq. (11), by analyzing lattice two-point functions. The test is based on requiring the
consistency with the lattice data of the combined chiral prediction for the dispersion relation and
the residue of the pion pole in the two-point function of the axial-charge density. These conclusions
could be strengthened further by repeating the calculation at smaller quark masses and with higher
statistics. Discretization errors should also be studied. Having a higher resolution in momentum
could help in assessing the region of validity of the chiral effective theory.
Assuming the results hold to further scrutiny, one may wonder how much a modified mass and
dispersion relation of the pion affects (a) the freeze-out mechanism in heavy-ion collisions and (b)
the predictions of the hadron resonance gas model for equilibrium properties. In answering the
latter question, one must take into account that the modification of the pion dispersion relation
is due to the presence of hadrons in the medium, and issues of double counting arise. However,
the following estimates may provide a useful first idea of the size of the effect. At the temperature
of 169MeV in the two-flavor theory that we have been discussing, with a zero-temperature pion
mass of 270MeV, we estimate, using the hadron resonance gas model, an isovector quark number
susceptibility4 amounting to χs/T
2 = 0.42. In the HRG model, the pion contributes5 χs/T
2|pions =
4β3
∫ d3p
(2pi)3
fB(p)(1 + fB(p)) = 0.28. If the spatial-momentum integral in the pion contribution is
cut off at pmax = 400 MeV (roughly the range of validity of the chiral effective theory that we
found), the contribution is reduced to 0.11. If we instead use the modified dispersion relation with
the lower quasiparticle mass ω0 = 223MeV and u = 0.74, the contribution for p < pmax amounts
again to 0.28. It is unclear whether one should include a contribution from higher momenta, given
that the thermal width of the pion may then not be negligible. The numbers above illustrate that
the contribution of the pion to the quark number susceptibility might not be as strongly affected
as one may at first think. However, the contribution comes from softer pions, which implies a
reduced amplitude of the transport peak in the two-point function of the vector current V ai (x), an
effect that can be tested in lattice simulations.
Determining the dispersion relation of a non-Goldstone hadron would be interesting to see
whether the relatively strong change we have seen in the pion properties is specific to chiral dy-
namics. In general, a kinetic theory description allows one to use as primary degrees of freedom
the quasiparticles specific to the temperature of interest. It is therefore much broader in applica-
bility than the hadron resonance gas model, but requires input information on the quasiparticles.
The channel treated here illustrates the importance of having guidance from an effective theory in
reconstructing the gross features of the spectral function. In doing so, applying the Backus-Gilbert
4 The current is here normalized as
√
2V aµ (x), see Eq. (1).
5 Here fB(p) = (e
βωp − 1)−1 is the Bose distribution.
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method in a first step can be useful in narrowing down the region of frequency where a specific
ansatz for the spectral function must be made.
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Appendix A: Tensor structure of the axial current two-point functions
We work in the Euclidean field theory and define the correlation function in momentum space
as
δab ΠAµν(ˆ, k) ≡
∫
d4x eik·x〈Aaµ(x)Abν(0)〉ˆ. (A1)
The unit vector ˆ points in the direction that defines the thermal boundary condition. It is
ˆ = (1, 0, 0, 0) in the rest frame of the thermal system. By doing the change of integration variables
x→ −x and using translation invariance
〈Aµ(−x)Aν(0)〉ˆ = 〈Aν(x)Aµ(0)〉ˆ (A2)
and symmetry under the O(4) rotation x→ −x,
〈Aµ(−x)Aν(0)〉ˆ = 〈Aµ(x)Aν(0)〉−ˆ, (A3)
we have the symmetries
ΠAµν(ˆ, k) = Π
A
νµ(ˆ,−k) = ΠAµν(−ˆ,−k). (A4)
To write down the tensor decomposition, we have the building blocks δµν , kµ and ˆµ at our disposal.
We can write down four structures that respect the symmetries (A4),
δµν ,
kµkν
k2
,
ˆ · k
k2
(ˆµkν + kµˆν), ˆµˆν . (A5)
We can form one projector to the subspace orthogonal to both ˆ and k,
CT,tµν = δµν −
1
1− (ˆ · k)2/k2
(
ˆµˆν +
kµkν
k2
− 1
k2
(ˆ · k)(ˆµkν + kµˆν)
)
, (A6)
and one projector onto the component of ˆ which is orthogonal to k,
CT,lµν = δµν −
kµkν
k2
− CT,tµν =
1
1− (ˆ · k)2/k2
(
ˆµ − (ˆ · k)kµ
k2
)(
ˆν − (ˆ · k)kν
k2
)
. (A7)
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Two possible non-transverse combinations are
CL,lµν =
kµkν
k2
, CMµν =
1
1− (ˆ · k)2/k2
(
ˆµˆν − (ˆ · k)2 kµkν
(k2)2
)
. (A8)
The first one is the projector onto the direction of kµ. The second tensor, while not a projector,
has the properties
CMµµ = 1, C
T,t
µα C
M
αν = C
L,l
µα C
M
αν = 0. (A9)
In summary, we can write
ΠAµν(ˆ, k) = C
T,t
µν Π
T,t + CT,lµν Π
T,l + CL,lµν Π
L,l + CMµν Π
M. (A10)
The argument of the C’s is (ˆ, k), while the argument of the form factors Π is (ˆ · k, k2).
It is helpful to be able to invert the relation Eq. (A10) in order to project out the form factors
individually. We find
ΠL,l =
kµkν
k2
ΠAµν , (A11)
ΠM =
1
ˆ · k kµΠ
A
µν(ˆν −
ˆ · k
k2
kν), (A12)
ΠT,l =
1
1− (ˆ · k)2/k2
[
ˆµΠ
A
µν ˆν −
(ˆ · k)2
(k2)
ΠL,l − (1 + (ˆ · k)2/k2) ΠM
]
, (A13)
ΠT,t =
1
2
{
ΠAµµ −
[
ΠT,l + ΠM + ΠL,l
]}
. (A14)
1. Special kinematics
When (ˆ · k)2 = k2, corresponding to vanishing spatial momentum in the rest frame of the
thermal system, the projectors CT,tµν and C
T,l
µν as well as CMµν become singular. Therefore we will
define the value of the form factors in this limit by continuity. When ˆ and k are collinear, there
are only two independent tensor structures,
ΠA,colµν (ˆ, k) =
(
δµν − kµkν
k2
)
ΠˆT(k
2) +
kµkν
k2
ΠˆL(k
2). (A15)
Applying the relevant projectors as in Eqs. (A11–A14), one finds that
ΠT,t = ΠT,l = ΠˆT, Π
L,l = ΠˆL, Π
M = 0. (A16)
When ˆ · k = 0, corresponding to the static correlators, CT,lµν becomes equal to CMµν . Therefore,
in that situation the Euclidean correlator is only sensitive to the sum of the two corresponding
form factors, (ΠM + ΠT,l). Eq. (A12) nonetheless provides an unambiguous definition of ΠM if,
expressed in the rest frame, limk0→0 ΠA0i/k0 is known. The latter limit, however, requires an analytic
continuation of the Euclidean correlator.
2. The zero-temperature limit
At zero temperature, it is natural to parametrize the correlation function as
ΠAµν(k) =
(
δµν − kµkν
k2
)
ΠT(k2) +
kµkν
k2
ΠL(k2). (A17)
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Applying the same projectors as in Eqs. (A11–A14) onto the correlation function (A17), and
requiring that the same result be obtained in the zero-temperature limit, we obtain
ΠL,l(ˆ · k, k2) −→ ΠL(k2), (A18)
ΠM(ˆ · k, k2) −→ 0, (A19)
ΠT,l(ˆ · k, k2) −→ ΠT(k2), (A20)
ΠT,t(ˆ · k, k2) −→ ΠT(k2). (A21)
3. Relation to the correlators of the pseudoscalar density
We define
δabAµ(ˆ, k) =
∫
d4x eikx 〈Aaµ(x) P b(0)〉, (A22)
δabP(ˆ, k) =
∫
d4x eikx 〈P a(x) P b(0)〉. (A23)
We note the symmetry relations
Aµ(ˆ, k) = −Aµ(−ˆ,−k), (A24)∫
d4x eikx 〈P (x) Aν(0)〉ˆ = Aν(ˆ,−k), (A25)
respectively from O(4) invariance and from translation invariance.
In [8], Eq. (A7) and (A8), taking into account Eq. (A25) and Eq. (A4), the Ward identities
2mAµ(ˆ, k) = ikα ΠAµα(ˆ, k), (A26)
4m2 P(ˆ, k) = kµΠAµα(ˆ, k)kα +m〈ψ¯ψ〉 (A27)
were derived. Inserting our tensor decomposition of ΠAµα(ˆ, k), we find
2mAµ(ˆ, k) = ikµ ΠL,l(ˆ · k, k2) + i(ˆ · k) ˆµ − (ˆ · k/k
2) kµ
1− (ˆ · k)2/k2 Π
M(ˆ · k, k2), (A28)
4m2 P(ˆ, k) = k2 ΠL,l(ˆ · k, k2) +m 〈ψ¯ψ〉. (A29)
Appendix B: On the residue of the pion pole
In this appendix, we use the general results of the previous section in the rest frame of the ther-
mal system, ˆµ = (1, 0, 0, 0). The form factors are thus functions of k0 and k
2 and the dependence
on ˆ is no longer indicated explicitly. All expressions for correlation functions in this section refer
exclusively to the pion contribution.
In [8], it was shown that the residue of the pion pole in the two-point function of A0 at vanishing
spatial momentum is Res(ω0) = f
2
pim
2
pi. In order to determine the form of the residue at finite
momentum, we parametrize the residue as
Res(ωk) = f
2
pi(m
2
pi + λk
2). (B1)
To determine the parameter λ, we will exploit the fact that the spectral representation of the two-
point function of A0 in terms of real-time excitations must agree with the spectral representation
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in terms of screening states. From the former point of view, the pion contribution to the correlator
in momentum space takes the form
ΠA00(k) =
f2pi(m
2
pi + λk
2)
k20 + ω
2
k
, (B2)
with ωk given in Eq. (11). From the ‘screening’ point of view, the residue must be proportional to
k20 at small k
2
0 (here we invoke the analytic continuation in the frequency, away from the Matsubara
values k0 = 2piTn). This is so because the screening pion is odd under the Euclidean time reversal
x0 → −x0, while A0 is even. Thus we can write
ΠA00(k) =
−|F |2k20
k2 +
k20
u2
+m2pi
(B3)
for some parameter F to be determined. Equations (B2) and (B3) must agree when the numerators
are evaluated at the pole, k20 = −ω2k. From here we learn the following,
|F | = fpi
u2
, λ = 1. (B4)
This shows in particular that the residue has the form given in Eq. (20). Essentially the same
argument was already used in [8] to determine the residue of the pion pole in the two-point function
of the pseudoscalar density,
P(k) = −〈ψ¯ψ〉
2 u2
4f2pi
1
k20 + ω
2
k
. (B5)
We note that for a one-pole contribution, factorization relations such as
|A0(k)|2 = |P(k)| |ΠA00(k)| (B6)
hold. The phase of A0 can then be determined through its form at vanishing spatial momentum
given in [8].
1. The pion contribution to ΠAµν
Having found the residue of the pion pole in the various two-point functions of the axial current,
we give for completeness the pion contribution to the form factors defined in Eqs. (A11–A14),
ΠL,l(k0, k
2) = − f
2
pim
4
piu
2
k2(k20 + ω
2
k)
, (B7)
ΠM(k0, k
2) =
f2pim
2
pik
2(1− u2)
k2(k20 + ω
2
k)
, (B8)
ΠT,l(k0, k
2) =
f2pik
2(1− u2)
k20 + ω
2
k
, (B9)
ΠT,t(k0, k
2) = 0. (B10)
The first is obtained from Eq. (A29), then the second from Eq. (A28), the third by using Eq. (A13)
and the first two results. Via Eq. (A10), the form factors allow one to obtain the entire tensor ΠAµν .
These calculations could be greatly expedited by using an effective Lagrangian, as written down
in [11]. However it is also instructive to derive the results above directly within QCD.
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Appendix C: Lattice correlation functions
x0/a n = 0 n = 1 n = 2 n = 3 n = 4 n = 5
0 2.9921(9)× 103 2.9962(9)× 103 3.0079(9)× 103 3.0260(9)× 103 3.0496(9)× 103 3.0774(9)× 103
1 9.200(5)× 101 9.335(5)× 101 9.698(5)× 101 1.0213(5)× 102 1.0813(5)× 102 1.1447(5)× 102
2 5.65(1)× 100 6.27(1)× 100 7.83(1)× 100 9.77(1)× 100 1.171(1)× 101 1.343(1)× 101
3 1.566(6)× 100 1.903(5)× 100 2.681(5)× 100 3.527(4)× 100 4.222(4)× 100 4.699(5)× 100
4 5.19(5)× 10−1 7.10(4)× 10−1 1.117(3)× 100 1.491(3)× 100 1.721(3)× 100 1.801(3)× 100
5 4.02(5)× 10−1 5.08(4)× 10−1 7.11(3)× 10−1 8.58(2)× 10−1 9.00(2)× 10−1 8.59(2)× 10−1
6 3.84(5)× 10−1 4.34(4)× 10−1 5.16(3)× 10−1 5.46(2)× 10−1 5.14(1)× 10−1 4.44(1)× 10−1
7 3.77(5)× 10−1 3.90(4)× 10−1 3.95(3)× 10−1 3.64(2)× 10−1 3.06(1)× 10−1 2.386(7)× 10−1
8 3.72(5)× 10−1 3.59(4)× 10−1 3.16(2)× 10−1 2.54(1)× 10−1 1.887(9)× 10−1 1.319(6)× 10−1
9 3.68(5)× 10−1 3.37(4)× 10−1 2.64(2)× 10−1 1.85(1)× 10−1 1.217(8)× 10−1 7.55(5)× 10−2
10 3.66(5)× 10−1 3.23(4)× 10−1 2.30(2)× 10−1 1.44(1)× 10−1 8.35(8)× 10−2 4.59(5)× 10−2
11 3.65(5)× 10−1 3.15(4)× 10−1 2.11(2)× 10−1 1.21(1)× 10−1 6.37(7)× 10−2 3.11(5)× 10−2
12 3.65(5)× 10−1 3.13(4)× 10−1 2.06(2)× 10−1 1.14(1)× 10−1 5.77(8)× 10−2 2.67(6)× 10−2
TABLE V. Renormalized correlation function GA(x0, T,pn)/T
3. All errors quoted are statistical.
[1] E.L. Bratkovskaya, “Phenomenology of photon and dilepton production in relativistic nuclear colli-
sions,” Nucl.Phys. A931, 194–205 (2014), arXiv:1408.3674 [hep-ph].
[2] Lijuan Ruan, “The low and intermediate mass dilepton and photon results,” Nucl.Phys. A931, 185–193
(2014), arXiv:1407.8153 [nucl-ex].
[3] A. Bazavov et al. (HotQCD Collaboration), “Fluctuations and Correlations of net baryon number,
electric charge, and strangeness: A comparison of lattice QCD results with the hadron resonance gas
model,” Phys.Rev. D86, 034509 (2012), arXiv:1203.0784 [hep-lat].
[4] Szabocls Borsanyi, Zoltan Fodor, Christian Hoelbling, Sandor D. Katz, Stefan Krieg, et al., “Full result
for the QCD equation of state with 2+1 flavors,” Phys.Lett. B730, 99–104 (2014), arXiv:1309.5258
[hep-lat].
[5] Szabolcs Borsanyi, Zoltan Fodor, Sandor D. Katz, Stefan Krieg, Claudia Ratti, et al., “Fluctuations of
conserved charges at finite temperature from lattice QCD,” JHEP 1201, 138 (2012), arXiv:1112.4416
[hep-lat].
[6] P. Braun-Munzinger, B. Friman, F. Karsch, K. Redlich, and V. Skokov, “Net-charge probability distri-
butions in heavy ion collisions at chemical freeze-out,” Nucl.Phys. A880, 48–64 (2012), arXiv:1111.5063
[hep-ph].
[7] J Stachel, A Andronic, P Braun-Munzinger, and K Redlich, “Confronting LHC data with the statistical
hadronization model,” (2013), arXiv:1311.4662 [nucl-th].
[8] Bastian B. Brandt, Anthony Francis, Harvey B. Meyer, and Daniel Robaina, “Chiral dynamics in the
low-temperature phase of QCD,” Phys.Rev. D90, 054509 (2014), arXiv:1406.5602 [hep-lat].
[9] Robert D. Pisarski and Michel Tytgat, “Propagation of cool pions,” Phys.Rev. D54, 2989–2993 (1996),
arXiv:hep-ph/9604404 [hep-ph].
[10] D. T. Son and Misha A. Stephanov, “Pion propagation near the QCD chiral phase transition,” Phys.
Rev. Lett. 88, 202302 (2002), arXiv:hep-ph/0111100.
[11] D. T. Son and Misha A. Stephanov, “Real-time pion propagation in finite-temperature QCD,” Phys.
Rev. D66, 076011 (2002), arXiv:hep-ph/0204226.
[12] G. Backus and F. Gilbert, “The Resolving Power of Gross Earth Data,” Geophysical Journal of the
Royal Astronomical Society 16, 169205 (1968).
22
[13] G. Backus and F. Gilbert, “Uniqueness in the inversion of inaccurate gross earth data,” Philosophical
Transactions of the Royal Society of London A: Mathematical, Physical and Engineering Sciences 266,
123–192 (1970).
[14] William H. Press, Saul A. Teukolsky, William T. Vetterling, and Brian P. Flannery, “Numerical
Recipes: The Art of Scientific Computing,” Cambridge, UK: Univ. Pr. (2007).
[15] H. Haarioa and E. Somersalo, “The backus-gilbert method revisited: background, implementation and
examples,” Numerical Functional Analysis and Optimization 9, 917–943 (1987).
[16] B Schomburg and G Berendt, “On the convergence of the backus-gilbert algorithm,” Inverse problems
3, 341 (1987).
[17] A Kirsch, B Schomburg, and G Berendt, “The backus-gilbert method,” Inverse Problems 4, 771 (1988).
[18] Harvey B. Meyer, “Transport Properties of the Quark-Gluon Plasma: A Lattice QCD Perspective,”
Eur.Phys.J. A47, 86 (2011), arXiv:1104.3708 [hep-lat].
[19] Gert Aarts and Jose M. Martinez Resco, “Continuum and lattice meson spectral functions at nonzero
momentum and high temperature,” Nucl. Phys. B726, 93–108 (2005), arXiv:hep-lat/0507004.
[20] Michel Davier, Andreas Hocker, and Zhiqing Zhang, “The Physics of hadronic tau decays,”
Rev.Mod.Phys. 78, 1043–1109 (2006), arXiv:hep-ph/0507078 [hep-ph].
[21] Kenneth G. Wilson, “Confinement of quarks,” Phys. Rev. D10, 2445–2459 (1974).
[22] Karl Jansen and Rainer Sommer (ALPHA collaboration), “O(alpha) improvement of lattice QCD with
two flavors of Wilson quarks,” Nucl.Phys. B530, 185–203 (1998), arXiv:hep-lat/9803017 [hep-lat].
[23] Martin Hasenbusch, “Speeding up the hybrid Monte Carlo algorithm for dynamical fermions,”
Phys.Lett. B519, 177–182 (2001), arXiv:hep-lat/0107019 [hep-lat].
[24] Marina Marinkovic and Stefan Schaefer, “Comparison of the mass preconditioned HMC and the DD-
HMC algorithm for two-flavour QCD,” PoS LATTICE2010, 031 (2010), arXiv:1011.0911 [hep-lat].
[25] http://luscher.web.cern.ch/luscher/DD-HMC/index.html (2010).
[26] Patrick Fritzsch, Francesco Knechtli, Bjorn Leder, Marina Marinkovic, Stefan Schaefer, et al., “The
strange quark mass and Lambda parameter of two flavor QCD,” Nucl.Phys. B865, 397–429 (2012),
arXiv:1205.5380 [hep-lat].
[27] Marco Bochicchio, Luciano Maiani, Guido Martinelli, Gian Carlo Rossi, and Massimo Testa, “Chiral
Symmetry on the Lattice with Wilson Fermions,” Nucl. Phys. B262, 331 (1985).
[28] Martin Luscher, Stefan Sint, Rainer Sommer, Peter Weisz, and Ulli Wolff, “Nonperturbative O(a)
improvement of lattice QCD,” Nucl.Phys. B491, 323–343 (1997), arXiv:hep-lat/9609035 [hep-lat].
[29] Marco Guagnelli et al. (ALPHA Collaboration), “Nonperturbative results for the coefficients b(m) and
b(a) - b(P) in O(a) improved lattice QCD,” Nucl.Phys. B595, 44–62 (2001), arXiv:hep-lat/0009021
[hep-lat].
[30] Michele Della Morte, Roland Hoffmann, and Rainer Sommer, “Non-perturbative improvement of the
axial current for dynamical Wilson fermions,” JHEP 0503, 029 (2005), arXiv:hep-lat/0503003 [hep-lat].
[31] Georg P. Engel, Leonardo Giusti, Stefano Lottini, and Rainer Sommer, “Spectral density of the Dirac
operator in two-flavor QCD,” Phys.Rev. D91, 054505 (2015), arXiv:1411.6386 [hep-lat].
[32] Bastian B. Brandt, Anthony Francis, Harvey B. Meyer, Owe Philipsen, and Hartmut Wittig, “QCD
thermodynamics with O(a) improved Wilson fermions at Nf=2,” (2013), arXiv:1310.8326 [hep-lat].
[33] Harvey B. Meyer, “The Bulk Channel in Thermal Gauge Theories,” JHEP 04, 099 (2010),
arXiv:1002.3343 [hep-lat].
[34] A. Schenk, “Pion propagation at finite temperature,” Phys.Rev. D47, 5138–5155 (1993).
[35] D. Toublan, “Pion dynamics at finite temperature,” Phys.Rev. D56, 5629–5645 (1997), arXiv:hep-
ph/9706273 [hep-ph].
[36] Harvey B. Meyer, “A calculation of the bulk viscosity in SU(3) gluodynamics,” Phys. Rev. Lett. 100,
162001 (2008), arXiv:0710.3717 [hep-lat].
